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A simple model of active particle in d=1

= The free run and tumble particle (RTP) on the line

dX
X(t=0) =X0 ) E = VOO'(I)

telegraphic noise

—o(t) with proba. ydt
o(t) with proba. 1 —ydt

. o(t+ dt) = {

(o(t)o(ty)) = € VM8l e X(1) is non-Markovian



A useful model of active particle in d=1

telegraphic noise

® Free RTP on the line o
| -

dX ” )
— =y, 0 t
ar .




A useful model of active particle in d=1

telegraphic noise

® Free RTP on the line o
| -

dX ” )
— =y, 0 t
ar .

® The single free RTP has already a long story



A useful model of active particle in d=1

telegraphic noise
G(t)

® Free RTP on the line

dx 0 '
— =0 t
dr 0 .

= The single free RTP (or persistent random walk) has already a long story

> R. Flirth (1920) “The Brownian motion when considering persistence of the
direction of movement. With applications to the movement of living infusoria”

> M. Kac (1974), A stochastic model related to the telegraphers equation”

> see also R. P. Feynman (1965), “Relativistic chessboard model”



A useful model of active particle in d=1

telegraphic noise

® Free RTP on the line 6(01 o
X(t — O) =( ; dX — G(t) 0
c(0)=*  w.prob. 1/2 At — Y0 . t

® Propagator of the free RTP Bessel funct.

o 4
P(x, 1) = 627 [5(x — Vo) + 6(x + vyt) + e <Io(p) + ytl;(p) > O(vyt — | x| )]

0

where p = l\/vgtz — x?
Yo



A useful model of active particle in d=1

® Free RTP on the line

Xt=0)=0
o(0) == w. prob. 1/2

= Propagator of the free RTP

o(t)

1

aX )
—_— = VO 0
d

-1

telegraphic noise

Bessel funct.

o 4
Plx, 1) = 627 [5(x — Vo) + 6(x + vyt) + e (IO(p) + ytl;(p) > O(vyt — | x| )]

where p = l\/vgtz — x?
Yo

0

P(x, 1)

—Vol

+Vyl



A useful model of active particle in d=1

telegraphic noise

dx
= Free RTP on the line —— = v, 06(1) ! -
dt 0
= Propagator of the free RTP B
i t1
P(.x, Z) — ¢ 5()(: — Vot) + 5()6 + Vot) + l <Io(p) + ! 1(10) > @(Vot — |x | ):|
Yo P

® The Brownian limit is recovered in the scaling limit y — 00, v; = o0
keeping vg/(2y) = D, fixed, i.e.,
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A useful model of active particle in d=1

telegraphic noise

dx
" Free RTP on the line — =), o(?) I e
dt 0
s Propagator of the free RTP B
7 tl
P(.x, t) — ¢ 5()(: — Vot) + 5()(: + Vot) + l <Io(p) + 4 1(l0) > @(Vot — |x | ):|
Vo P

® The Brownian limit is recovered in the scaling limit y — 00,v, — 00
keeping vg/(Zy) = D, fixed, i.e.,

x2

4DO t

P(x, 1)

. , \/47TD01
®= This talk:

[ Qi: what happens in the presence of an external potential V(x) ?]
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= Many RTPS in interaction: the active Dyson Brownian motion

® Conclusion
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A single RTP in an external potential

® The case of a confining potential V(x) = al|x|’ , a>0 & p>0

telegraphic noise

o(t)

X
—= =) + w00 1 -

) = = Vi(x) ;




A single RTP in an external potential

® The case of a confining potential V(x) = al|x|’ , a>0 & p>0

dX
I = f(x) + vyo(?)

Jx) ==Vi(x)

= Fixed points of the dynamics

0 =f(x,) + v,

0=/ —v

telegraphic noise

Fixed point in the o0 = + state

Fixed point in the o0 = — state
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A single RTP in an external potential

" A first graphical approach for V(x) = a|x|” ax = f(x) + vy 6(?)

dt

(p>1)

fo) = = Vi) —
A

» The particle gets trapped in [x_,x,] after a finite time
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A single RTP in an external potential

" A first graphical approach for V(x) = a|x|”

Jix) == Vix) & < 1 l

» The particle will end up at x =0
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A single RTP in an external potential

® A first graphical approach for V(x) = a| x| & =1
J(x) = — asgn(x) J) = — asgn(x)
A A
....... <+V0< .>+V0<
0 " x 0
""" '>'"'":{;6"""")"""" """'>'"""_'1';(')""""'<"""'

» One expects a transition at a, =V,
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® Probability densities of the particle s position P, (x,?)

Proba. to find the particle in [x,x + dx] in the state
o=+ at time t
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® Probability densities of the particle s position P, (x, 1)

Proba. to find the particle in [x,x + dx] in the state
o=+ at time t

Proba. to find the particle in [x,x + dx] in the state
o = — at time t

P .(x,t)dx =

P (x,H)dx =

= Exact solution via coupled Fokker-Planck equations

oP, 0

= [(f&) +v)P,| —y P, +yP_
OP_ 0
AR [(f(x)—Vo)P_] +yP,—yP_

+ initial and boundary conditions (to be specified later)
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d
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X
d
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® For p > 1 the two boundary conditions thus read
P (x,)=0
P .(x_)=0



A single RTP in an external potential

= Stationary state solutions P, (x) = lim P, (x, 1)

d

o [(f) +vp)P,| + 7P, —yP_=0 (1)
X
d

— |(f(x) =v)P_| =y P, +yP_=0 (2)

dx
» two boundary conditions need to be specified

® For p > 1 the two boundary conditions thus read
P (x,)=0
P .(x_)=0
= The Egs. (1) and (2) can then be solved by introducing

Px)=P.x)+P_(x) , QK =P, (x)—P_(x



A single RTP in an external potential V(x)

" A closed equation for P(x) = P, (x) + P_(x)

d
. (vg = FPONP@)] = 27 f(x) P(x) = 0
—> a 1st order eq. that can be solved explicitly

= Explicit expression for P(x) = P (x) + P_(x)

A i )
I exp(”L » v(%—f2<y)) e




A single RTP in an external potential V(x)

= A closed equation for P(x) = P_(x) + P_(x)

d
— (5 = FONPE)] =27 fx) P(x) = 0
—> a 1st order eq. that can be solved explicitly

= Explicit expression for P(x) = P (x) + P_(x)

A ’ )
PO = e exp(zyjody v(%—f2<y))  FEbLE

» very different from Boltzmann P(x) e PV

see also Klyatskin ‘78, Lefever et al. ‘80, Van den Broeck & Hanggi ‘84,
Hanggi & Jung ‘94



Transition from active to passive behavior

P(x) =

B = f2%)

* f»)

" The special case of the harmonic potential V(x) = ux?/2

P()=A £
Vo

.

Ux
Vo

j

¢
’ ¢=__1
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" The special case of the harmonic potential V(x) = ux?/2

2
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Vo Vo

y > u

P(x)
A

X
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A g )
PO =3 P (240 Y —f2(y)>  rebxnd

" The special case of the harmonic potential V(x) = ux?/2

_ 2_ ¢
Po)=A L 1—<ﬂ> ,
Yo Vo
Yy > H Yy =H
P(x) P(x)
A A
X_ 0 X, X Tk 0 X, "x X_ 0 Xy "X
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Behavior close to the edges:

AR |
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P(x) ox (x — x_) /&l , X—X
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Transition from active to passive behavior

A g )
PO =3 P (ZVL @ vg—fZ(y)>  rebxnd

® The generic case V(x) = a|x|’ withp>1,a>0

Shape transition from passive to active

e v=23.5




Transition from active to passive behavior

dX

dt
Vix) =al|x|’

= Phase diagram in the
(p, a) plane — for fixed y

A. Dhar, A. Kundu, S. N. Majumdar,
S. Sabhapandit, G. S., PRE’ 2019

= — V'(x) + vyo(?)

telegraphic noise

o(t)

1 ,,,,,

0
t
- < >
Exp(y)
O A :
P(x) E P(x) v=1
0 '”35‘\_0 'x
e =vod \\\ P(z)
: \VActive \ ‘ [
\
\
: \\ 0 X
Collapsed E \\
' Passive\\
' P(z) .
E { P(z)s
: T \~%i~ C(p) /Zne
' 0 r o TTmmm———e
0 1 2



Outline

" Two states RTP: stationary state in a confining potential V(x)

= Many RTPS in interaction: the active Dyson Brownian motion

® Conclusion



Two interacting RTPSs on the line
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P90 _ oy = x) + vp o1
= J\ X1 — X Vo O
dt I 2 0 I —~——_ two independent
dxz(t) telegraphic

" =f(x2 _ xl) + v, Gz(t)/ noises Exp(y)
with f(x) = — V/(x) and V(x) = V(—x)

® Equations for w = (x; + x,)/2 and y = x| — x,
D _ 2, 1) + o8)
— =—(0 o
a2 ! 2
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d
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Two interacting RTPSs on the line
" Two RTPSs x,(?), x,(f) interacting via a potential V(x; — x,)

dx,(1) B t
dt =t =) o )\ two independent
dx-(1) telegraphic
; = f(x, — X;) 4 vy 6,(1) —  Noises Exp(y)

with f(x) = — V(x) and V(x) = V(—x)
® Equations for w = (x; + x,)/2 and y = x| — x,

dw _ E(ca(z) + 6)(1))

dr
?y .y f(y) + vo(al(t) _ oz(t)) | = focus on y(1)




RTP with 3 internal states
dy

i 2f(y) + vy(6y(8) — 0,(1) ) == V()
“telegraphic” noise with THREE
states: —2v,,0, + 2v,

U. Basu, S. N. Majumdar, A. Rosso, S. Sabhapandit, G. S., J. Phys. A ‘20
P. Le Doussal, S. N. Majumdar, G. S., PRE '21
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RTP with 3 internal states
dy

— = 2f) + (1) = o300 o) == V)
“telegraphic” noise with THREE
states: —2v,,0, + 2v,

U. Basu, S. N. Majumdar, A. Rosso, S. Sabhapandit, G. S., J. Phys. A ‘20
P. Le Doussal, S. N. Majumdar, G. S., PRE '21

" If f(y) is sufficiently confining, there is a bound state

t ot
— : . —
— : I :
— : :
— Steady state |—— |
— trajectories i ———
= R
+ ——

) S— A S N

U
V) = alyl oy =7y



RTP with 3 internal states

dy
= 21(y) + vylo,(2) — 06,(2))

= If a stationary solution exists, the stationary PDF P(y) satisfies
P. Le Doussal, S. N. MaJumdar G. S., PRE ‘21

f (y)(f(y) —vo) (f(y) +v0) f’(y) o
2r +1 ) 7]

f(y)(vo —f(»)?*) P"(y) + <( = 3f(?) (r+ 21 () +

r (v = 3(00?) F'O)
_ 2! 2y + 3f Py)=0
+ ( o) (7 +2f () (2r + f(y))> )

+ boundary conditions



RTP with 3 internal states

dy
—= = 2f0) + w01 (D) = (1)

= If a stationary solution exists, the stationary PDF P(y) satisfies
P. Le Doussal, S. N. MaJumdar G. S., PRE ‘21

f(y)(f(y)—Vo) (f(y)+"0)f /(y) P'(y)
2y +£(y) 7]

f(y)(vo —f(»)?*) P"(y) + <( = 3f(?) (r+ 21 () +

r (v = 3(00?) F'O)
_ 2! 2y + 3f Py)=0
+ ( o) (7 +2f () (2r + f(y))> )

+ boundary conditions

= We found exact solutions for
> Viy)y=clyl , ¢>0

U
> V(y)=5y2 , u>0



RTP with 3 internal states

® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy :
E = — 2a sign(y) + VO(Gl(f) — Gz(f))
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RTP with 3 internal states

® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy .
E = — 2a sign(y) + Vo((fl(f) — Gz(f))

® Stationary state solution and a transition at a. = v,

? The case a > a. =V, P@y) =460) strong clustering



RTP with 3 internal states

® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy .
E = — 2a sign(y) + Vo((fl(f) — Gz(t))

® Stationary state solution and a transition at a. = v,

> The case @ > a. =Vy: P(y) = 6(y) strong clustering

? The case a < a,. = vy

-2 C V2 2y

60 +— e T

|yl

P(v) =
») Vg + C?



RTP with 3 internal states

® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy :
E = — 2a sign(y) + VO(Gl(f) — Gz(f))

® Stationary state solution and a transition at a. = v,

? The case a > a. =V, Py =460) strong clustering

? The case ax < a, = Vy

bound state
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® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy :
E = — 2a81gn(y) + vy(o,(f) — 05(1))
® Stationary state solution and a transition at a. =V,

? The case a > a. =V, Py =460) strong clustering

? The case a < a, = vy

bound state

see also A. B. Slowman, M. R. Evans, R. Blythe, PRL ‘16 & JPA 17



RTP with 3 internal states

® Exact solution for V(y) = a|y|,i.e., f(y) = — V(y) = — a sign(y)

dy :
E = — 2a81gn(y) + vy(o,(f) — 05(1))
® Stationary state solution and a transition at a. =V,

? The case a > a,. =vy:  P(y) =8(y) strong clustering

? The case a < a, = vy

bound state

see also A. B. Slowman, M. R. Evans, R. Blythe, PRL ‘16 & JPA 17

=== recent extension to N >> 1 particles
L. Touzo, P. Le Doussal, arXiv:2308.06118



RTP with 3 internal states
= Exact solution for V(y) = %yZ e, ()= = V() = —uy

dy

E =—-2uy—+ VO(O'l(t) — Gz(f))




RTP with 3 internal states
= Exact solution for V(y) = %yz e, ()= = V() = —uy

» one expects singularities near the three fixed points x_, 0, x,



RTP with 3 internal states

s Exact solution for V(y) = %yZ e, f) = = V() = —uy

dy

E =—-2uy—+ VO(O'l(I) — Gz(t))

‘;, I S A S S TS P S AN IS P O S AN IS PSSO A 2 S S O S P TS PSS — _'
{ _ p3 L 3-F (w ‘
;i P(y)_Al [2F1[1 2’2 ﬁa > ,<V0) ] ,

| 2 TG+ (w1 gt () W v |
i + s 2F1 5,1—5, > ; , ——<y<—
| Va (1-2pr=s) \ Vo o u i

Y

U

U. Basu, S. N. Majumdar, A. Rosso, S. Sabhapandit, G. S., J. Phys. A 20
P. Le Doussal, S. N. Majumdar, G. S., PRE ‘21

with f§ =



RTP with 3 internal states

= Exact solution for V(y) = %yz , e, f[)==V()=—uy

dy

E =—-2uy—+ VO(O'l(t) — Gz(t))

® Shape transitions as f = y/u is varied

« active » « passive »

U. Basu, S. N. Majumdar, A. Rosso, S. Sabhapandit, G. S., J. Phys. A “20



RTP with 3 internal states and a 2d model

®= Relation to a 2d RTP (¥(#),z(r)) in a harmonic potential
V(y,z)=%(y2+zz)
V(1) = — puy) +vy0,(1)

2(t) = — U z(t) + Vo Gz(t)
where the noise o(f) = (6,(t), 6,(1)) has 4 internal states:

Gy(t) . 3-state process

—1 0 +1
N, S E




RTP with 3 internal states and a 2d model

®= Relation to a 2d RTP (¥(#),z(r)) in a harmonic potential
V(y,z)=%(y2+zz)

Y(t) = — puy(@) +vy0,(1) 6,(t) : 3-state process
—1 0 +1
N, S E

the y—component of the process coincides with the
interparticle distance of N = 2 interacting particles

dy

—=- 2uy + vo(o,(t) — 0,(1))
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Outline

" Two states RTP: stationary state in a confining potential V(x)

= Two particles (N = 2) with attractive interaction

® Conclusion
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" Consider N particles on the line x(7), x,(?), -*+, Xxy(#) evolving via

x(”“’”“”_zx(t) o e <>+\/ =30

J#i

" For g =0 & T =0, this is the noninteracting model studied before

" For vy = 0, this is the well known Dyson Brownian Motion

' the stationary state is related to the Gaussian
f-ensemble of random matrix theory, f = 2g/T

» in particular, the stationary average density for large N
converges to the Wigner semi-circle
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" Consider N particles on the line x(7), x,(?), -*+, Xxy(#) evolving via

1
x(t)__ﬂx(t)_l__zx(t) o e ,<>+\/ =30

J#i

" For vy = 0, this is the well known Dyson Brownian Motion

p(x, 1) = — Zé(x x(1) ——> i,08C<i> , X, =2 g
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t, N—>oo € e

where pPol)=—V1-2z* ¢

T
/\ Wigner semi-circle
>

—~1 0 1 <




The active Dyson Brownian Motion
L. Touzo, P. Le Doussal, G. S., EPL 22

" Consider N particles on the line x(7), x,(?), -*+, Xxy(#) evolving via

" For vy = 0, this is the well known Dyson Brownian Motion

p(x, 1) = — Zé(x x(1) ——> i,08C<i> , X, =2 g

X X
t, N—>oo € €

where P2 =—VI1-— 72

T
o /\ Wigner semi-circle
N >

jf Q: what happens for vy > 0 ?
e i T - L L.
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= Focus on a purely active noise

= Two dimensionless parameters
2
v Y
0 & L
HE H

» we set u =1

= The noise ferm is finite === Particles can not cross !
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i) = — x(0) +—2 . x(t) + v, 6,(f)

= Stationary density:  p(x) = lim p(x, 1) = Z o(x — x,(1))

[— 00

s Support of the densn’ry X € [x_ N> x+ N] where x+N = max x;

where x + Z =0 fori=1, ,N ;j

_> leq=V0+\/Wg)’i

== lim x, \ = X, =V +2,/8

N—o0

® The actual support for N — oo turns out to be strictly smaller
than [—x_,, + x_] (when g = O(1))
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" Large number of fixed points X* (typically 2V), all of them are
stable

» singularities in the stationary average density p(x)

psing(x)zlx_xiﬂd) , ¢=Ny—-1 ( }/=1/Q
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® Numerics: different behaviors as the parameter g/vg is varied

~ 2v0/\/]T] ~ 4\/§

A

O—vo/\/ﬁ x N WEL x 2fE -
Wigner N 5

|
clusterin ~L
g N semi-circle v§



The active Dyson Brownian Motion as N — o0
L. Touzo et al. EPL '22

0 1

x(f)——x(t)+_z vy 60
: - N 0
r=1 ¢ y =10
= 5-/ ////// )\ $’ o 5
1£)1.0 —(').5( - ' 1.0 191_0 _05 S 1
P
— X vor | i |
~N %
2

Zl—1
<

clustering ~



The active Dyson Brownian Motion as N — o0
L. Touzo et al. EPL '22

»
L

—Vo X VO ‘

O 1

clustering ~§

1.0



The active Dyson Brownian Motion as N — o0
| L. Touzo et al. EPL '22

3t = — x(f) +—2 D=0 + v, 6,(1)

~ VO/\/N ~ 4\/§

> |

— ¥ X Vo i—2\/§v X 2\/§' i .
Wigner ~N h
semi-circle Vg

clustering ~§



The active Dyson Brownian Motion as N — o0
| L. Touzo et al. EPL '22

3t = — x(f) +—2 D=0 + v, 6,(1)

~ vo/\/N ~ 4\ /8 ~4y/8

— ¥ X Vo i—2\/§v X 2\/§' i
Wigner '

- 1
clustering -y semi-circle



The active Dyson Brownian Motion as N — o0
| L. Touzo et al. EPL '22
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3t = — x(f) +—2 D=0 + v, 6,(1)

® The crystal limit g/vg — 00

/28
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: Ny’

» small v, expansion
~ vo/\/N ~ 4\ /8 ~4y/8
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® Small v, expansion: « active phonons » L. Touzo, P. Le Doussal, G. S.
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" For small v, and in the limit y — 07 one finds (using Hessian)

" 1 uk(yl)uk(yj) (")(y)
(5x Ox;) = V2 +0W)) with u(y) =



The active Dyson Brownian Motion as N — o0

() = — x (1) +—2 . x(t) + vy 6,(0)

® Large N analysis

2 In the bulk L. Touzo, P. Le Doussal, G. S., arXiv:2302.02937

V2 .
(Ox;,0x;) =~ —‘gb ( )i ) )
N \E

Jtarccos(max(x y)) — arccos(x) arccos(y)

'i Cgb(’x’ y)



The active Dyson Brownian Motion as N — o0

() = — x (1) +—2 . x(t) + vy 6,(0)

® Large N analysis

2 In the bulk L. Touzo, P. Le Doussal, G. S., arXiv:2302.02937

V2 .
(Ox;,0x;) =~ —‘gb < )i )] )
N ﬁv

narccos(max(x y)) — arccos(x) arccos(y)

| 2 1 —x2 1 _ R
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» this indicates that the Wigner semi-circle holds if v ’IN< g
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® Large N analysis

2 At the edge

pi(x) A 2 /
/ \ (8x; 6x;) W% (@)

o 0 2 +00 Ai(g; + x) Ai(a; + x)
€ (a ) J dx
EARNTIN (@) x*

L. Touzo, P. Le Doussal, G. S., arXiv:2302.02937

RK: a similar result was recently found for the Dyson Brownian motion
in the limit f — oo by Gorin & Kleptsyn (2009), with 1/x* = 1/x
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® Exact analytical results for non-Boltzmann steady states of run-
and-tumble particles (RTPs)

2 In the presence of a confining potential

2 With and without interaction

® Qur results for the active Dyson Brownian Motion transpose

directly fo the overdamped dynamics of the Calogero-Moser model
L. Touzo, P. Le Doussal, G. S., arXiv:2302.02937

2 Provide analytical confirmations of the numerical simulations
from S. Agarwal, M. Kulkarni & A. Dar (JSP 2019)

P Extension to the « active Calogero-Moser model » (in
progress)

® Better understanding of the validity of hydrodynamic approach a la
Dean-Kawasaki for active systems ?
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s : random motion due to collisions with other molecules

® Active particle: the particle absorbs energy directly from the
environment = a ballistic motion (Run) with a constant velocity Vv

during an exponentially distributed random time with mean y~!
(persistence time), followed by a local reorientation of the velocity
(Tumble)... another run...

Ex: widely used to model dynamics of living matter, like E. Coli

Berg (2004), Tailleur and Cates (2008), ...



