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Dynamical large deviations

® Markov process: Xz, t € [0, T]
® Observable: Ar[x]
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Dynamical large deviations

® Markov process: Xz, t € [0, T]
® Observable: Ar[x]

Probability distribution :

P(Ar = a)~ e /()

P(Ar=a)

Generating function

E[eT™AT] ~ o TAK)

Effective process
® How are fluctuations created?
e Conditioned process: X:|Ar = a
® Markov when T — o0
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Applications

Markov chains
® Random walks

® Jump processes

® QOccupation, displacement, currents
Diffusions

® Langevin equations, SDEs

® Work, heat, entropy production

® Active OUP

Many-particle dynamics

® Zero-range process

® Exclusion process

® Harmonic chains
a 1 B

® Density and current fO NN N Ao N
Y ® 900 L O 00 0
[Reviews: HT 2009, 18; Derrida 07; Bertini et al 07] YoOouUNyY Y U Uy
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Linear diffusions

Quadratic observables: Bercu et al 1997

® Entropy production: Visco 2006; Chernyak et al 2006; Jaksic et al 2016

Nonequilibrium work: Kwon, Noh & Park 2011, Noh 2014

Coupled oscillators: Kundu et al 2011, Sabhapandit, 2012; Pal & Sabhapandit 2013

® More general setting: Mazzolo & Monthus 2023
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Linear diffusions

Quadratic observables: Bercu et al 1997

® Entropy production: Visco 2006; Chernyak et al 2006; Jaksic et al 2016

Nonequilibrium work: Kwon, Noh & Park 2011, Noh 2014

Coupled oscillators: Kundu et al 2011, Sabhapandit, 2012; Pal & Sabhapandit 2013

® More general setting: Mazzolo & Monthus 2023

This work
® General linear SDEs in R”
® More general class of observables
® Not based on path integrals
® Derive effective process (remains linear)
® Link with control theory (LQG)
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Linear diffusions

® Dynamics:
dX(t) = —MX(t)dt + od W(t)

* X(t) e R", W(t) e R™
® M positive definite, 0 > 0

® Applications:
® Laser tweezers (thermal noise)
® Electric circuits (Nyquist noise)
® Noisy controlled systems X
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Linear diffusions

® Dynamics:
dX(t) = —MX(t)dt + od W(t)

* X(t) e R", W(t) e R™
® M positive definite, 0 > 0

® Applications:
® Laser tweezers (thermal noise)
® Electric circuits (Nyquist noise)
® Noisy controlled systems

Stationary density

p*(X) x e—%xC*lx

D=MC+CMT
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Stationary current

J*(x) = Hxp"(x)

H =

D
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Example 1: Gradient diffusions

e Conservative drift:

F(x) =—-VU(x)

® Noise matrix: o = ¢l
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Example 1: Gradient diffusions

e Conservative drift:

F(x) =—-VU(x)

® Noise matrix: o = ¢l

e 2D example:

m=(%)
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Example 1: Gradient diffusions

e Conservative drift:

F(x) =—-VU(x)

® Noise matrix: o = ¢l

e 2D example:

_ (7 O
M= (0 'V)
® Density:

x)=—5exp|(—=|x x
p(x) = 25 oxp (~ Ll

® Current: J*=0
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Example 1: Gradient diffusions

e Conservative drift:

F(x) =—-VU(x)

® Noise matrix; o = €l R

e 2D example:

>
M = (7 0) il ﬂk"
0 '_}/ ” ,,,«//« A f
e Density: 77t
x)=—¢e ——||x X
p(x) = 5 o0 (— S

® Current: J*=0
Equilibrium or reversible system
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Example 2: Transverse diffusions

e Drift:
F=-VU+A, A-VU=0
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Example 2: Transverse diffusions

e Drift:
F=-VU+A, A-VU=0

® 2D example:

w= ()
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Example 2: Transverse diffusions

e Drift:

F=-VU+A A-VU=0

® 2D example:

o

® Density:

gl

(x)=—5e
pr(x) = —5ex

e Current:

v 5)
-£ v

2 x?)
p(~Slixl

s =¢()r

Nonequilibrium or nonreversible system

Hugo Touchette (Stellenbosch)
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Example 3: Brownian gyrator

[Exartier & Peliti 1999; Filiger & Reimann 2007]

T1 T2
P mm PY
@ YVWVWY bt
X1 K X2

® Drift:
M — (7 +K  —K )
—K Ytk
® Noise matrix:

(V2T 0
7=\ o 2T,
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Example 3: Brownian gyrator

[Exartier & Peliti 1999; Filiger & Reimann 2007] 2
1 IR 4
n I CLLLIIIIITI
MM 2 TRV
° PY of vss i aAs ]
@ YWY ® X
CA TN
xl K x2 /1\\\M/////f:,
b
® Drift: -2
2 1 o 1 2
M= (YTr T N
—K Ytk

® Noise matrix:

(T

e J*#0iff k >0and T; # T,

Nonequilibrium or nonreversible system
Large deviations Dec 2023  8/16



Observables

® |inear forms:

1 T
AT:T/ n - X(t)dt
0

® Quadratic forms:
1 T
Ap = / X(t) - QX(t)dt
T Jo

e Current-type forms:

)
Ar = ;/0 FX(t) o dX(t)
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Observables

® |inear forms:

1 T
AT:T/ n - X(t)dt
0

® Quadratic forms:

Ap = },_/OTX(t) L QX(t)dt

e Current-type forms:

)
Ar = ;/0 FX(t) 0 dX(t)

Hugo Touchette (Stellenbosch)

Large deviations

Examples

Mechanical work Wt
Heat exchanged Q7
Entropy prod X1
Integrated currents Jr
Residence times
Control costs, reward

Statistical estimators
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Observables

0.6
® |inear forms: 04
1 17 s 02
At = T/ n - X(t)dt 0.0
0

-0.2F

® Quadratic forms:

1 T
Ar=1 [ X0 0X(dt  Examples
0
® Mechanical work Wt

e Current-type forms: e Heat exchanged Qr

1 1T ® Entro rod &
Ar = / FX(t) o dX(t) Py prod =1

T Jo ® |ntegrated currents Jr
® Residence times
e Control costs, reward

e Statistical estimators
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Observables

® |inear forms:

Ar

1 T
0

® Quadratic forms:

0.6
0.4
0.2
0.0

0.2

1 /T
Ar = T/ X(t) - QX(t)dt Examples
0

e Current-type forms: o

)
Ar = ;/0 FX(t) o dX(t)

[
Large deviation approximation

P(Ar =a)~ e T/
Large deviations

Mechanical work Wt
Heat exchanged Q7
Entropy prod X1
Integrated currents Jr
Residence times
Control costs, reward

Statistical estimators
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Large deviation theory

LD functions
® Rate function:

[Donsker & Varadhan 1970s; Gartner 1977]

I(a) = max{ka — A(k)}

e SCGF:

A(k) = dom eigval(Ly)

Hugo Touchette (Stellenbosch)

Large deviations
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Large deviation theory

LD functions
® Rate function:
I(a) = maxika — A(k)}
e SCGF:
A(k) = dom eigval(Ly)

Fluctuation process
d)?t = ’:-k(xt)dt e O'th

® Modified drift:
Fi(x) = F(x)+DVinr(x), I'(a)=k
® Effective process creating fluctuation

e Effective density and current: p;, J;

Hugo Touchette (Stellenbosch) Large deviations

[Donsker & Varadhan 1970s; Gartner 1977]

P(Ar=a)

a

[Chetrite & HT 2013, 2015]
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Main result

[du Buisson PhD 2023; du Buisson & HT 2023]

® Generating function:
Ge(x, t) = E[e"*|X(0) = x]
® Feynman-Kac equation:

atGk(X,t):ﬁka(X, t), G(X,O):].
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Main result
[du Buisson PhD 2023; du Buisson & HT 2023]
® Generating function:
Gi(x,t) = E[ek]X(0) = x]
® Feynman-Kac equation:

atGk(X,t):ﬁka(X, t), G(X,O):].
® Solution:

Gi(x,t) = X Bu()x o Jg THDBy(s)lds  t29° x-Bjx ot Tr(DB})
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Main result

[du Buisson PhD 2023; du Buisson & HT 2023]
® Generating function:
Gi(x, t) = E[ek¢|X(0) = x]
® Feynman-Kac equation:

atGk(X,t):ﬁka(X, t), G(X,O):l
e Solution:

Gi(x,t) = X Bu()x o Jg THDBy(s)lds  t29° x-Bjx ot Tr(DB})

LD solution
® SCGF: \(k) = Tr(DB;)
® Riccati matrix: B
e Eigenfunction: r,(x) = eXBkx
o Effective drift: Fi(x) = —Mjx
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Current observables

Ar =1 [TTX(t)odX(t)
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Current observables

Ar =1 [TTX(t)odX(t)
® Tilted generator:

1 k2
Ly = —kMx‘Fx+(—l\/l+kDr)x~V+§V-DV—i—?Fx-DFx
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Current observables

Ar =1 [TTX(t)odX(t)
® Tilted generator:

Ly = —kMx‘Fx+(—l\/l+kDr)x~V+;V-DV—i—k;rx-DFx
® Algebraic Riccati equation:
k;FTDFS(I\/ITFFM)(MkDF)TB;‘BZ(I\/IkDF)+2B;DB,j =0

C+AB+BA+BQRB=0
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Current observables

Ar =1 [TTX(t)odX(t)
e Tilted generator:

1 k2
L= —kMx.rx+(—M+kDr)x.V+§V.DV+7rx-Drx

® Algebraic Riccati equation:
k;FTDFS(I\/ITFFM)(MkDI’)TB;‘B;‘(MkDF)+2B§DB,’§ =0
C+AB+BA+BQRB=0
Effective process
My =M —2DB;; — kDT
pi(x) ef%x'ck_lx, D = My Ci + CeM[

Ji(x) = Hixpy(x), He=2C71 — My

Hugo Touchette (Stellenbosch) Large deviations Dec 2023 12/16



Example: Stochastic area

[Lévy 1940, 1950, 1951; Teitsworth et al 2017, 2019] Y
P in R2: (X, Y2))
rocess in R?%: (X, f))rzo
® Green's theorem:
Ar
1 /7 (Xr, ¥a)
AT - 5 Xtdyt - Ytht
0
(Xo,Yo) i
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Example: Stochastic area

[Lévy 1940, 1950, 1951; Teitsworth et al 2017, 2019]

e Process in R?: ((Xta Yt))tho

® Green's theorem:

Ar
1 /7 (Xr, Yr)
AT = 2/ Xtdyt - Ytht
0
® Brownian motion: (X0, Y0) *
1 T2
p(Ar = a) = T sech (%?) , var(Ar) = e
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Example: Stochastic area

[Lévy 1940, 1950, 1951; Teitsworth et al 2017, 2019]

Process in R?: ((Xt, Yt))tho

Green's theorem:

Ar
1 /7 (Xr, Yr)
AT = 2/ Xtdyt - Ytht
0
® Brownian motion: (X0, Y0) *
1 T2
p(Ar = a) = T sech (%?) , var(Ar) = e

Linear diffusions:

= g ()= (me-3)

)

# 0 nonreversible systems Paul Lévy (1886-1971)
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Example: Transverse diffusions  [du Buisson, Mnyulwa & HT 2023]

I\/l=<_’y5 j) ATZ;_/OTI_X(t)odX(t) r:é(cl’ ‘01>

. 2
e Typical area: a* = %
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Example: Transverse diffusions  [du Buisson, Mnyulwa & HT 2023]

I\/l=<_’yf g) ATZ;_/OTI_X(t)odX(t) r:é(cl’ ‘01>

¢
2y

® Riccati matrix: B; = b;l

® SCGF:
= \/’Y 52(ke2+4§)

® Typical area: a* =
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Example: Transverse diffusions  [du Buisson, Mnyulwa & HT 2023]

I\/l=<_’yf g) ATZ;_/OTI_X(t)odX(t) r:i(cl’ ‘01>

. 2
e Typical area: a* = %

® Riccati matrix: B; = b;l
e SCGF:

= \/’Y 52(ke2+4§)

® Rate function:

A (~21¢2 2
6) = /G =% =

4la®(72+¢2)
\/3264(4324_64)(724_52)
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Example: Transverse diffusions

SRS
M =
<—€ 7)
® Typical area: a* = 622—,5
® Riccati matrix: B; = b;l
e SCGF:
= \/’Y 52(ke2+4§)
® Rate function:
€A (242 2
() = /S % =
4laP*(*+¢2)
\/3264(4324_64)(,},24_52)

® Fluctuation relation:
—a) — 4ca
/( 3) = I(a) + 2

Large deviations

[du Buisson, Mnyulwa & HT 2023]

T:;/oTrx(t)odX(f) r:;<(1) _01>

Dec 2023



Example: Transverse diffusions (cont'd)

o Effective process:

o w k _ ke?
M= (—fk W) Se=E+7

\/’Y k52 524-45)7 l/(a) — k
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Example: Transverse diffusions (cont'd)

o Effective process: LSpT ‘
M, = ( Yk 6!() C=E+ ke? o.sJ
&k Tk ‘ 2w
-0.5 —
> > -LOF I3
\/’Y ke?(ke —i—4§)7 //(a) =k sk = - | , ;
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Example: Transverse diffusions (cont'd)

o Effective process: LSET ‘ ‘ —
Mk: (’W( gk) é.k:é__'_k_ez 05k ’
=&k Yk 2 " :

-0.5 Va H

YT Lof 4 —

\/’Y ke?(ke —i—4§)7 //(a) =k s - - 0 2‘ ; i

x x x
a>a* 0O<a<a® a<o
Deconfinement Confinement Current reversal
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Conclusions

® Similar results for other observables/processes
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Conclusions

® Similar results for other observables/processes
® Fluctuations created by effective (modified) linear process

® Underlying Gaussian density and current fluctuations
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Conclusions

Similar results for other observables/processes

Fluctuations created by effective (modified) linear process

Underlying Gaussian density and current fluctuations

Effective process = LQG optimal control
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Conclusions

Similar results for other observables/processes

Fluctuations created by effective (modified) linear process

Underlying Gaussian density and current fluctuations

e Effective process = LQG optimal control

Current work
® Linear approximations for nonlinear SDEs/observables

¢ Numerical methods (Riccati or control)
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Conclusions

® Similar results for other observables/processes
® Fluctuations created by effective (modified) linear process
® Underlying Gaussian density and current fluctuations

e Effective process = LQG optimal control

Current work
® Linear approximations for nonlinear SDEs/observables

® Numerical methods (Riccati or control)
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