
Manas Kulkarni 
(ICTS-TIFR, Bangalore)

Collective behaviour of a family of power law models 



Collaboration

Abhishek Dhar (ICTS)

Gregory Schehr (Sorbonne, Paris)

Anupam Kundu (ICTS)

 David Mukamel (Weizmann)

Sanaaa Agarwal  (UC  Boulder)

Satya Majumdar (Paris-Saclay)

Ø S. Agarwal, A. Dhar, MK, A. Kundu, S. N. Majumdar, D. Mukamel, G. Schehr, PRL (2019)
Ø S. Agarwal, MK, A. Dhar, J. Stat Phys (2019)
Ø A. Kumar, MK, A. Kundu, PRE (2020)
Ø J. Kethepalli, MK, A. Kundu, S. N. Majumdar, D. Mukamel, G. Schehr, J. Stat Mech (2021, 2022)
Ø S. Santra, J. Kethepalli, S. Agarwal, A. Dhar, MK, A. Kundu, PRL (2022)
Ø B. Kiran,  D. A. Huse,  MK, PRE (2021)

Saikat Santra (ICTS)Jitendra Kethepalli (ICTS)

Bhanu Kiran (ICTS) David Huse (Princeton)

+ some ongoing works
(equilibrium and dynamics)



Contents

• Definitions and Questions

• Motivation

• Results for large-N theory and densities

• Presence of a barrier, Edge fluctuations, Bulk gap statistics

• Spatio-temporal spread of perturbations at very low temperatures

• Conclusions and Outlook



Definitions and Questions

Courtesy of Anupam Kundu (ICTS)

Ensures repulsion

Power-law exponent 

• Common in physical systems
• All-to-all pairwise repulsive interaction



Definitions and Questions

Courtesy of Anupam Kundu (ICTS)

Ensures repulsion

Power-law exponent 

• Common in physical systems
• All-to-all pairwise repulsive interaction

For external trapping potential

Vex(x) = x2
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Vex(x) = x4
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Vex(x) = x4 � x2
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Harmonic       (very common)

Quartic

Double well

Box-likeVex(x) = cosh(x)
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(Hadzibabic Lab, Cambridge)

(Shin, MIT, Thesis, 2006) 
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Interplay between two terms: 
Confining trap and repulsive interaction

Interesting questions:

• Configuration of particles xi ‘s  that minimizes energy ?

• Macroscopic density in large-N limit ?

• Large-N field theory ?

Zero/Very lowTemperature



Definitions, Statement and Questions

Zero/Very lowTemperature

Finite/Considerable Temperature

Thermal average of the 
empirical density

Interplay between two terms: 
Confining trap and repulsive interaction

Interesting questions:

• Configuration of particles xi ‘s  that minimizes energy ?

• Macroscopic density in large-N limit ?

• Large-N field theory ?

Competition between confining trap, repulsive interaction and entropy 



Motivation

Let us take a specific family of models:

M. Riesz (1938)

Many interesting special values of k

Satya’s Talk



Motivation

Let us take a specific family of models:

Specific Examples

(1dOCP)

First Example (1dOCP, k= -1)

M. Riesz (1938)

Many interesting special values of k

Satya’s Talk

LN ⇠ O(N)
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Second Example

• Minima located at zeros of N’th Hermite polynomial

• Non-interacting trapped Fermions

• Eigenvalue distribution in Random Matrix Theory

• Relation to KPZ universality class

• Algebraic Stieltjes problem

Dyson’s Log Gas                   

LN ⇠ O(
p
N)
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Gregory’s talk

k ! 0
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ICTS youtube lectures by Satya: RMT and its Applications (BSSP 2019)
S. N. Majumdar and G. Schehr (J. Stat Mech 2014)



Third Example (Calogero-Moser System, k=2)

Wigner semi-circle too !

• Integrable  even in external 
confining potentials  (upto quartic 
polynomial potentials)

• Itself appears in various 
       branches of physics 

LN ⇠ O(
p
N)
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Herbert’s talk



Third Example
• Integrable  even in external 
confining potentials  (upto quartic 
polynomial potentials)

• Itself appears in various 
       branches of physics 

Many other examples
k=1 (3D Coloumb confined in 1D)

k=3 (Dipolar gas)

k=4 (Charge induced quadrapole interaction)

k=5 (quadrapole - quadrapole interaction)

k ! 1
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• Harmonic trap is most ubiquitous in experiments

• Absorption images are very well developed to observe collective 
      dynamics

• Cutting edge techniques that resolve at the level of the single particle

Rotational spectroscopy of diatomic molecules, Brown and Carrington
Quantum Gas Microscope, Bakr et al, Nature 2009
Dipolar collisions of polar molecules, Ni et al, Nature (2010)
Dipolar Interactions, Griesmaier, PRL (2008)
Cold Atoms, M.K. & Abanov, PRA (2012)

LN ⇠ O(
p
N)
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Wigner semi-circle too !

Herbert’s talk
(Calogero-Moser System, k=2)



Zhang et al, Nature, 2017

• Chain of 53 ions

• Experiment - Bright spots indicate the location of ions 

• Approximately think of this as k ~ 1 case with external Harmonic trap

• Efforts are on the scale-up the system 

• For ion experiments - In principle 0<k<3, but in practice, currently restricted to 0.5 <k < 1.8

Cold trapped ions

Promising experimental avenues to realize low dimensional long ranged interacting systems 

C. Monroe et al, RMP (2021)

Programmable quantum simulations 
of spin systems with trapped ions

(Experiments on long ranged interactions in RRI)



Zhang et al, Nature, 2017

• Chain of 53 ions

• Experiment - Bright spots indicate the location of ions 

• Approximately think of this as k ~ 1 case with external Harmonic trap

• Efforts are on the scale-up the system 

• For ion experiments - In principle 0<k<3, but in practice, currently restricted to 0.5 <k < 1.8

Cold trapped ions

Promising experimental avenues to realize low dimensional long ranged interacting systems 

Recall the questions for general k:

• How does shape of density profile change when one tunes k ?

• What is the large-N field theory for general k ?

C. Monroe et al, RMP (2021)

Programmable quantum simulations 
of spin systems with trapped ions

(Experiments on long ranged interactions in RRI)
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Size of the cloud

How density behaves at the edges ? 
�k
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where

-2 -1 0 1 2 3 4 5
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4
αk

-2 -1 1 2 3 4 5
k
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-0.5

0.5

1.0

1.5
γk

Interesting non-monotonic
behavior in ↵k, �k
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Answers
Note: Every particle was paired with
every other particle [all-to-all coupling] 

S. Agarwal, A. Dhar, M.K, A. Kundu, S. N. Majumdar, 
D. Mukamel, G. Schehr,  PRL (2019) 

k = �2
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Riemann Zeta Function
J
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What happen if we put a barrier/wall ? 

Recap: Without Wall
Vertical blue lines just 
indicate the finite support



What happen if we put a barrier/wall ? 

Recap: Without Wall

Why is barrier interesting ?

• Experimentally feasible
• Computation of extreme value statistics

J. Kethepalli, MK, A. Kundu, S. N. Majumdar, D. Mukamel, 
G. Schehr, J. Stat Mech (2021) 

Vertical blue lines just 
indicate the finite support

Courtesy of Anupam Kundu (ICTS)



Density profiles in the presence of a barrier

Ho
le

Ho
le

k>1    - Truncated dome
           - Finite support on the left

-1<k<1  - Integrable divergence at wall
              - Finite support on the left

-2<k<-1  - Exotic density profile
                - Two disjoint pieces separated by a hole
                - Integrable divergence on the left
                - Finite support on the right of extended 
                  piece 
                  

Jitendra Kethepalli (ICTS)

W
 A

 L
 L

 

W
 A

 L
 L

 

W
 A

 L
 L

 

W
 A

 L
 L

 

W
 A

 L
 L

 

W
 A

 L
 L

 
W

 A
 L

 L
 

W
 A

 L
 L

 

W
 A

 L
 L

 



Extreme value statistics (EVS)

• Distribution of position of the right most particle xmax in a N particle Riesz gas

Correlated Random variables: S. N. Majumdar, A. Pal, G. Schehr, Physics Reports (2020)

Dyson’s Log Gas:  D. Dean, S. N. Majumdar (PRL 2006, PRE 2008), S. N. Majumdar and G. Schehr (J. Stat Mech 2014)
 
1d OCP: A. Dhar, A. Kundu, S. N. Majumdar, S. Sabhapandit, G. Schehr (PRL, 2017, JPhysA 2018)

Correlated simultaneous resetting/quenched gas: 

J. Kethepalli, M.K. , A. Kundu, S. N. Majumdar, D. Mukamel, 
G. Schehr, J. Stat Mech (2022) 

Let us recall 
some special cases
of Riesz gas

Several EVS works by
Dean, Majumdar, Schehr, 
Evans, Comtet, Forrester 
etc. 

Biroli, Larralde, Majumdar, Schehr (PRL 2023, PRE 2023)
Biroli, M. K., Majumdar, Schehr (arXiv 2023)



Extreme value statistics: Results of the Riesz gas

Left large deviation function

Right large deviation function

Asymptotics of large deviation function

Jitendra Kethepalli (ICTS)

Riesz 
Dome

Third order phase transition in the Riesz gas !



Typical fluctuations for rightmost particle: Riesz gas



Large Deviation Function for rightmost particle: Riesz gas

Short-range k > 1 Weakly long range -1 < k < 1 Strongly long range -2 < k < -1

Typical fluctuations for rightmost particle: Riesz gas



What about bulk gap ? 

Interparticle Separation: 

Let us stick to bulk: 

Jitendra Kethepalli (ICTS)Saikat Santra (ICTS)

Below is a conjecture:

S. Santra, J. Kethepalli, S. Agarwal, A. Dhar, MK, A. Kundu, PRL (2022)

A. Flack, S. N. Majumdar, G. Schehr (Gap, FCS, etc in 1dOCP)



Bhanu Kiran (ICTS-TIFR)

Spatio-temporal spread of perturbations at very low temperatures B. Kiran, D. A. Huse, MK (PRE, 2021)

OTOC says how perturbations spread in space and grow / decay in time

Das et al, PRL (2018)



Plot and analyze OTOC and its asymptotics
(either with exact dispersion or expansion)

General algorithm



Plot and analyze OTOC and its asymptotics
(either with exact dispersion or expansion)

General algorithm



What to expect ? OTOC Heat Map (Low Temperature) B. Kiran, D. A. Huse, MK (PRE, 2021)

k=1.5 k=2 k=4.5

Key findings

• Exact analytical 
expressions for 
OTOC for integrable 
case

• Exact dispersion 
relation for all k > 1

• Heat map, butterfly 
velocity, 
asymptotics 

• Also, a field theory 
approach



Conclusions

• Collective description and statistical properties of long ranged systems

• Results in presence of a wall and EVS

• Exact agreement between numerical and analytical results

• Bulk gap properties  (mean and variance) 

• Spacio-temporal spread of perturbations at low 
       temperatures (OTOC) and other dynamical properties

 
Outlook

• Full Counting Statistics (Number/Index, Kethepalli et al, In Preparation, 2023)

• Crossover from finite ranged to all-to-all coupling [Kumar, M. K, Kundu (2020), Santra, Kundu (2023)]

• Crossover between low temperature and high temperature 

• Blast in Riesz gas (ongoing Mukherjee, Dhar, Ray, Krapivsky),  Nonlinear Hydrodynamics 

• Connection to experiments

• Recent interest in active systems (e.g., Gregory’s talk, Touzo, Le Doussal, Schehr, EPL 2023, arXiv:2307.14306)
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Ø S. Agarwal, A. Dhar, MK, A. Kundu, S. N. Majumdar, D. Mukamel, G. Schehr, 
PRL (2019), Editors' Suggestion

Ø S. Agarwal, MK, A. Dhar, J. Stat Phys (2019)

Ø A. Kumar, MK, A. Kundu, PRE (2020)

Ø J. Kethepalli, MK, A. Kundu, S. N. Majumdar, D. Mukamel, G. Schehr
J. Stat Mech (2021, 2022)

Ø S. Santra, J. Kethepalli, S. Agarwal, A. Dhar, MK, A. Kundu, S. N. Majumdar, G. Schehr, 
PRL (2022)

Ø B. Kiran, D. A. Huse, MK (PRE, 2021)


