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Random search processes with a time constraint

1) Gene regulation 3) Animals with ephemeral resources
transcription factor (searcher)

/ . specific site on DNA (target)
ﬁ/
3 4 6 : 7 : 8 I

(from Bénichou et al. RMP 2011)

ripe fruit — rotten fruit

4) Give-up time

2) Rescue . SR
Search vehicle with limited autonomy
(Waharte el al. IEEE 2010)
Sea operations Marginal value theorem
(Kosmas et al., (Charnov, Theor. Pop. Biol., 1976)

Prod. Oper. Manag. 2022
p g ) Mortal searcher (Yuste el al. PRL 2013)

Resetting processes
(Evans & Majumdar, PRL 2011)
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Search of a finite-lived target

Random walk
without a bias

time ?
150} .
100_— Capture probability?
random -
lifetime T Condltlo.nal mean
search time?
50
_3 Optimal strategy to follow?
e > 2()
0 10 20 30 . 40 Dependence on the target
X0 position

lifetime, initial position,...?



Brownian limit (Meerson & Redner, PRL 2015):

Lo .
_ .~V Dp% and CMFPT = D — oo optimal
capture prob. = ¢~V D 2VDa

v : mortality rate

Outcome of a process failure/success improved by resetting (Belan, PRL 2018)

(if mortality rate is small enough)

Survival probability of a permanent target surrounded by a sea of mortal random walkers
(Yuste, Abad, Lindenberg, PRL 2013):

Mortal sub-diffusive searchers (Yuste, Abad, Yuste,Lindenberg, PRE 2012):



Formulation of a 1d model in discrete time:

Tog > 0
Tp = Tp—1+ Mn
n.’s are i.i.d. variables distributed with f (7))
f(n) is (i) continuous (i) symmetric: f(—n) = f(n)

target, initially active

At each time step, the target stays alive with probability a,,
dies with probability 1 — a. (tiige) = 1/(1 — a)

(Markov processes for the searcher and the target)



A well known related problem (a=1):

To > 0

Tp = Tp—1 + Tn

0 permanent target

n
Qn(xg) = Problz; > 0 for all i =1, ..., n] “survival” probability
@(iﬂo, s) = Z s"Q,(x) generating function

n=0

v

0o B 1 A oo In[l — sf(k)]
ATo _
/0 Q(zo,s)e ""dry = )\\/T—SGXP l /0 N2 dk Laplace transform

Pollaczek-Spitzer formula (1952-1956)



Case a=1:

@ The survival probability decays to 0 at large n:

U(x
Qn(0) =~ \(/ﬁo) The capture probability is 1.

(Majumdar, Mounaix & Schehr, J. Phys. A, 2017)

e But the mean first passage time (MFPT) is infinite:

o0

(o) = 3 1[Quos(20) — Qula0)] = iocznm) — o

n=1



Basic quantities with a finite-lived target

Capture probability:

il Qn-1(20) — Qn(zo)]

_1- (1 —a)Q(zo,s = a)

a

maximum of Cyy, (a) <> minimum of Q(z¢, s = a)

Conditional mean first passage time (CMFPT):

Z na" Qn 1 $0> Qn(xﬂ)] /C:co (a’)

0 ~

=an- In [1 — (1 —a)Q(zo, s = a)]



Basic quantities with a finite-lived target

Capture probability:

il Qn-1(20) — Qn(zo)]

_1- (1 —a)Q(zo,s = a)

a

maximum of Cyy, (a) <> minimum of Q(z¢, s = a)

Conditional mean first passage time (CMFPT):

Z na" Qn 1 $0> Qn(xﬂ)] /C:co (a’)

= ag In [1 — (1 —a)Q(zo, s = a)]

2 T

we don’t have this directly



Exponential step distribution

(exactly solvable case)
1

— o—Inl/b
fn) = 5pe
f(n)
>
2b n
Capture probability:
1 —Vl=a,o
Caola) = 1 +vI—a

Conditional mean first passage time:

1+m<a )@

Tool®) = 5 =2 2/1—a




Exponential step distribution

(exactly solvable case)
1

— o—Inl/b
fn) = 5pe
f(n)
>
2b n
Capture probability:
1 ia
Cy — ~ T %0
o(@) 1++1— ae

Conditional mean first passage time:

1+m<a )@

Ty (a’) - 2\/m ﬁ

Optimal parameter: b =



Levy step distribution

A

Let us consider a Lévy distribution for the RW steps: f (k) = Pl b=1
A 0< n < 2
f(n)
>
2b n

Value of u that maximises the capture probability, or minimizes Q(zo, s = a): [y (T0, @)

Value of u that minimises the CMFPT: H;’P(SEOn CL)

(M;’P 7é Iu:a,p)



Lévy processes in biology

Albatross

9 2 10Km 0 02 04Km Humphries et al. PNAS, 2012

MICFOZOOp|ankt0n mean velocity: 186 ym s’

log1q freq

~ 1
And: fruit flies, Y

Y position
NN
3

mussels, N Low (optimal parameter
fishermen, 200 1 < , o \ in LFH, Viswanathan
nomadic tribes, . 2 No et al. Nature 1999.)
= . . @ -2
SSIT i;)r:]g:]eesbsers 0 200 400 600 800 1000 1200 4 =04 \
4 O
spider monkeys, X position T 0 1

bumblebees, T-cells... Bartumeus et al., PNAS 2003  'og10 (fight-time interval)




Main results (numerical & analytical)

A :U’:ap (%’0, CL)

case xo=0"

X0
>

? n Xc(a)

(short-lived targets)
a=cst

a1=0.925690...

plane u=0 (extremely super-diffusive)

0.905954...

7

(long-lived targets)

similar for p1%p (g, a)



Short-lived targets: 159

1.58

1.57

QM(Z'(), CL)

1.56

Ty =€ P =0.56145...

1.55-

154~ - -
0.0 0.5 1.0 1.5 2.0



Short-lived targets: 159

1.58
~ 157
Q“ (x()’ CL) 1.56
f Ty =€ ' =0.56145...
1.55- ]
1.54; - ‘ ‘ o ‘ ‘ o ‘
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First order “phase” transition
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Target with a sufficiently long lifetime:

1.50

— 1.20

1.15

1-a«1

X0=0.65

X0 =03

00

0.5 10 1.5

Second order “phase” transition

2.0



Series expansion 1 1

at small p: @u(ﬂfo, a) =qo+ qp+ 5(_12#2 + gq;),,u?’ + ...

[t : positive “order” parameter
o : “control” parameter
@1 changes sign.




Non-conventional scenario of first order transition: g2>0, ¢3 <0, (g4>0)

~ 1 1 1
Q(QTO, CL) = Qo+ QM+ ECD,UQ + §Q3,u3 + EQ4,UJ4 + ...

2
A= 3—q4< g3 +\/4Q§—9Q2Q4)

Tc

Tri-critical point: g2=0, ¢3=0 (and g1=0)



Non-conventional scenario of first order transition: g2>0, ¢3 <0, (g4>0)

~ 1 1 1

Q(QTO, CL) = Qo+ QM+ ECD,UQ + §Q3,u3 + EQ4,UJ4 + ...

2
A= 3—q4< g3 +\/4Q§—9Q2Q4)

Tc

Tri-critical point: g2=0, ¢3=0 (and g1=0)

In our problem it turns out that g1 and ¢z always vanish at the same time (at xo = z,, )

—1

ae
= Inzg + = —0atz,,=¢"F Va
PS = 0
3vea (Inzo + ny)2 = ¢ =0atzx, =¢ "% Va

LN a(e — a)5/2



ql(xO, a = 1/2)

0.2

0.1

x, = 0.5614...

0.2 04
-0.1

-0.2
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. =0.5614



ql(xO, a= 1/2)

1 x,, = 0.5614...
-0.1 . . | | | | | xO 0:06
. X, = 0.5614...
:0:5 0.2 0i4 0.6 0.8 1.0 1.2 14 =x0
ay/eK 2 2
= 11a“ + 8ea — 4e with K =2 = 2.4041138. ..
q3|:130—£13m 8m<€ . a)7/2 ( + ) C(g) 0 38
0.4l
Q3|m0:$m [ changes sign at
0.2+
2e(v/15 — 2
a /1 _ 2 - ) _ 0.925690...
012 Of4 | Of6 018 T 110
-0.2




Conditional mean first passage time
series expansion

1 1
at small u: T,(xo,a) =to+ t1pt + atg,uz + §t3u3 + ...

t3|x02$m (@) changes signat as = 0.973989...



Conditional mean first passage time
series expansion

1 1
at small u: T,(xo,a) =to+ t1pt + Etg,uQ + gtg,u?’ + ...

ts|, s, (@) changessignat ap = 0.973989...

120 " :
10} a= 0.9999

08/ — 2=0.98

* : a=0.97
Lo, A 06‘ ]

Hrp (%0, @) i —_— 2= 0.96
04] _

02" _

00

00 02 04 ‘bl\é\'ols' 10
T, =€ 'F =0.56145...



Approximate inversion of Pollaczek-Spitzer

Concavity of the logarithm:

)\/oo ln[éu(gjo, S)]e_)‘xodl'o < In [)\ /OO Qu(xo, s)e—)\xodxol
0 0

¢

—3 @u,approm (CL'(), S) —

- coincides with the exact @Min the small xo expansion up to O(xo),

- coincides with the exact @M in the small y expansion up to O(u).

- Captures the first order transition at short lifetimes,

- captures the second order transition at long lifetimes (xu).



Non-trivial optimal exponent for finding long-lived targets

a = 1: mean first passage time (MFPT) is infinite Vv f(); all strategies are “bad”.

The divergence of the MFPT is due to few trajectories that take a very long
time to cross the origin.

a = 1—¢ : capture probability is nearly one; the CMFPT is large but finite, and
can be optimized.

1 ~
Tﬂ(x()?a’) = iQu(CEO,a) (M;’P = MZap)
N 1 L ln[l_e—(%)“]ﬁ%du (concawv.
T 2V1—a approx)
a=1—10‘4‘f
S — exact
02 04 06 08 1.0




case xo=0"

0.905954...

7
a

Other results

:u:ap (':UO y CI,)

S

)

[ 7,
[~
/%

X0
>

IOE0

(short-lived targets)

a=cst

a1=0.925690...

Xm

plane p=0
(long-lived targets)



1
Starting very close to the target: lim C,(zo,a) = Vi a (universal)

o —0+t

1

Starting close to the target: Cu(zo,a) =~ 1 +vI-a +20T,(a) + O(a;)
\/1 —a
T.(a) = "I 1—ac”*"| dk
20— . -0.10}
s ~0.15
. : |4 020 — a=0.95
3 10F E S a=0.9
| : /v -025} 2207
O'Sf . 11_1)11 ,uo( ) = 0.905954... 1 _0.30; — a=0.1
| S 035!
00 02 0.4 0.6 0.8 10 . .
ap = 0.1381... a u

“Advise”: If you start close to the target, move as Lévy if it is long-lived
but move Gaussianly if it is short-lived.



Relation with resetting processes

l.4_| T 11

time
A
Co
Mean first passage time:
(OB EECE
resetting to the starting =
) point with prob. T(resetting) (:UO T) _ QN(~T07 1— ’I“)
: , —
] e ' r # 1 —rQu(xo,1—1)
~ Space
Tr = Zo
target

*

3

10F
0.8F
0.6
0.4F

02F

OO:I L1 1

12F

0.0

Ty 028 e
3 o0250f- E
’ 4 oassf | 2 Optimization w.r. to two
* ] C ! 3
| q ., 0240F | 3 parameters! r and u.
| 3~ omsk . E
: : : ] :
; = 0.230F : -
| 4 o02sF (b | E
L .ll R 0_220:. NI B R lﬁ
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Conclusions

@ Lévy flights can optimise the success of random searches with finite lifetime.

@ The exponents are rather non-trivial for close-by targets and depend on the initial distance.

®

® The infinite lifetime limit has a non trivial optimal search strategy.

@ If exponential distribution of steps: “trivial” optimal distribution (< 7 >— ).

@ Higher dimensions?

@ Multiple searchers?

[ J .... ..
Thanks! P LI
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