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We are interested In dammm of these gysens.
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(I:-) All- 4o- a1, hehmazneus [nerackons iziajk'!i,.,
Model them with candom varables witn P(13))
One Model &= many  reali2akions’

S‘El,ﬁeﬂ with “'Qowm.n'mzrcfi disocder: System 2uRves,
but Ty are fixed. [no feedback, Leaming, evofubion]

Want fo mike stabsial steements ea. " what
s the hehaviour d most ¢f the real2akons
when N7,

Notakon: £[.] P(-) are wt. random covplings

(¢) The wkfakons can be von-reupmwead : Jy # Iy
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Seminal works: crisant sowpouNsKy 4983

SOMPOUNSKY, CRISANT!, SOMMERS 4973

A lot of theors usork. op to these. days. Exampls:
CLARK, ABBOT 2024  STEINBERG  ADVANI, SOMPOLINSKY 2014
BERLEMONT, MONGILLO 2022 [...0) MaNy OTHERS



(i) Ecosystews - Population dynarics
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OPPER, DIEDERICH 1333
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EXomples: PEARCE, AGARWALA, FISHER 2020
Galh 2013
Roy, BIROU, BUNIN, CANMARDTA 2013
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In some sense: ALL EQUILBRATING SYSTEMS ARE
ALIKE® EACH NON- EQUIUBRATING  sysTem 1s
NON- EQUILBRRATING 1N ITS OWN WaY,

# TT1= hme- tanslakon invariance
FDT= Eluchustion- dissipstion relations
G-B = Gibos- Bofkzmann  Measufes




@ [hee QUeshons:

@i. whir.h Kind t% mt-cg-eﬁmtbdmn?{l}ew'rll see.

two €xamples: AGING, (RAOS.

@fgu How mudy non-feGooGly  Chanogs the dﬁmm?

0B. %iﬁlnﬁ danamf.s s cnmp&ml:cd! Can one
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o challenge. Here, fows on  simple model for
which an'do evplict 3nalysis.




z The Plan
T. Sinple (non- recipchE) todels

. A wom-up: Cou-N dunamics
CONCEPTS: veloxabonal dynamics, Eandscapes, Ec{-ihlzf.um
TOOLS d&nnpnamnn, into modes, ditlerenkal ulual-'.uni

T lae N, Cinear random forces,
CONGPTS: (Onemrs hon sﬂ-awmainaraﬂ, separakon
9 hmescales, g, slow (2lgebaic) vs fast deay,
Universality.
Tools: (andet matix theory, Carge-N asymptokcs

—5 Mostly based, on: STARIOLO, METZ, JSTAT (2026) 033304

1w, Larﬂe N non-linear random forces

CONCEPTS : Jelb - (onsistent  processes, DMFT  gquakiens,
rusged, €andsapes, Gxed poimts vs chaos

TooLs: DMFT, Hami@orian ri;namics; Kac-Rie formal sm

=p Mosity based on. FORNIER, PHGOD, VR URBANI, PRE 113
(2020) 044129



JC. SIMPLE NON-RECIPROCAL MODELS

THREE MODELING INGREDIENTS:

@ Confinement.

Examples above have 8 “confinement * term, that
(onkasts |- eo.

ban Coine dynarics on o carjac.% manifold, €9,
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Cpometial wieepetakion

Subtract o rhs. qr
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). Randomness & Doh- rec oGty

= Tbe intecackons & the Gree have 'simple.ﬁ
Stakskes: the fore s o Cdaw:ian vechor.
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Hakllivg infecadions: p=2

let -Jij= V1-d iy + Ve S «e[0,1]

Where fﬂ:.jsij id (oussen ~ N'(o, 1)

ond {si);  d Guussan ~ N(9,2)

and Si= 53-: , Su id fomiihn‘vlf(njz)

= E[35 |- (a-0) Ela] + « ELs3)e 144§
E[3;3;]= o E[S5]=w



:[ﬂ E.lh‘ll'D.ﬂa E[‘d‘cn g:n]: SEtSnn + o SEI‘I g-m

The 1] are emdes of a tandom makix, taen from,
0. candom makx enemble called ' ¢ ca.ﬂ Elliphc
ehsemble’. Ensemble o real maites with Distcbukon:

B, (3)43 Ay @ HEFTEE)- }jmw

N D]i’ﬂ . IB;, o (_.ﬂti:s - PH,-l (-JT) d!

@ﬂﬂﬂ, Chek that the diskbukon veproduces
% the Covadanes and Ehat
.o A;Th (?__ﬁ)l-l'f:. @*d)m @_'E)!g_l_-_)

{d'nm d-=4, matak 1S Sa‘nh!.ht:. C‘lu,ussam Ot Hmamlﬂ
ensemble’(GOE).
&> - Y, T3]
B (3) d3 ue 4 T d3;

li}

The hame (omes Fom the fadt that distabukon
1S Invaiamt Lnder J-=TJe= 030" LWh 004



Modellivg intecackons: pr2 (ey.p=2)

The (augings Tie form o Gousson tensor:

Cao deompose:  Jijx = V1-a Qe + V< Sije

Whee now

E e 0 1= 52 [ 6 S ¢ 530S ot ln
B[Sy Sem )= é— Qix Sjuem Swxr) 7- permotation.
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i, WARM-UP: FAN\TE N, LINEAR

Qoefs i pet T

1. dekne relevant dbservables (corielakon, vespense.)
2. vep linear equatons + asgrmetic Metices
3. vedpoel inevackons: equiibrakon, xed points

r—r O et D ~ O o B T QO T T T
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B What b Cook 3t 7 Corelafion & Response
mé)- Y ;_.x.-ﬂ) = bow Urifor 3re (onkgpakions
C(i,i)ni.z_ N(O%E)| = LX) %X©)
N =4 £20 N E=O
= How much, configuakons are siwlar ot # bmes
N How moch, the

N 4 Sm
R[l-.t)_ ‘ﬁ% m:)l.ﬂl! =2 trjeckory Lhuﬂn due to
50 small ek (mer Easpomz)

P:H cmlsul;la-. tst for (esponse.
T§ system Bas Cony nemory, R deays Slowly.

TA SOWTION OF DYNAMICS

How to proceed 7 Digionalite. A and work. with modes
(Gispreddors). Howeuer, A+AT!

Real, Asyrmetrc. matrices: facts.

(i) Elgenvalues 42 are real ) Drcpmplzx-mnjuj&ﬂ
fairs: if A« 15 evalue, AL s too!



(6) Rioht and Ceft eigenvectors are ditferent:
I, T Lkl , (LT 3-M@T
Nokee: 3 and 17 have Sarme etjmmluas.
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Erl’haspnﬂ_ﬁ; (E-l}ti‘”! S"P
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1- £ R Ll
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Resoluhon of idenbly: A< 2 (RP<LAl




B The equakon teads:

dox®)l - _<xmlA  + a@)<x®)| +2 <h®)| (*)
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The cexgonse:
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B Corelakon fndion and J.aarmﬂz molkglier
We focus on coeelakon funckon. We. have

5

- At
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(e RO g Ps) fals)

Culd)= A2 rolo) & PR A TR
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- - Ast
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. e
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P:.I
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B
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&HH:MS:
(¢) One gets 24) fJom 24)- (&) ()

(v) When €50, t) has a more compliated,
EXPESHON: needed o {thuti. rfs'pnn'SE!

20- (B*) +e ae ))w-

B The fesponse fonckon

ha
ok b akes) "iia that
Fel): Calole o Eg&g e _&ls) g2 (s) N ChiRe?
B® ) o) 2 <hlrcilRe

N«t{: Sﬁli-) G—ﬁ{u]&.h+ S
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CLIRe) §(s-¢)
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0fe)

Sdﬁ ks - Su(4-5)
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Linear Resporse. To proceed, need +o
---- Compute S Shos that:

S
S[EE;U'J]

- !
=-0w) Be) & P

€40 N G) g2

Coml'irina into: Ribt)= 2 &m é.Sr.;lr} <ilLey

N &0« Blet(v))

= Riltt)- % .2_ B k-¢) e'a" k£) B(E) o

B(e)

2 2 06-4) ) ) ralole ™€ )
N N rY)




I.B. THE (ARGE-TIME LIMIT

Roth the corrclakon aad response depend on
Spedal, properies ¢ Matix A: eiagavalues, and,
ﬁjmuedors ovetags < Lglla?

DEpend:na on realizoton ¢f 6, ditkerent
behakouss .

Dome 5tn£ra.f, gﬂ&s? Take A-4Q
—3> Fows: the symmetic case (4=4)

In ts ase, <lglla)= §up and the dependence
on oveaps  disappears:

Gulkt)- 4 }.ﬁ (:(o) e.""myﬁmﬁ (')

- ﬂd ; -
Ru“:.t')s %ﬁf&-&'ﬂﬁ_f&j %E. u-té‘ 4 _@Eﬂr:fn}g “)
G(t) <=1 N *(e)
Teke N-2.
Assume, evalues (they ore ceal!) Saksfy A< te,



“SPECTRAL GAP' A= Aa-Aa.
_ﬁlke El'—* {'u, o bu &, Thfﬂ; when La‘::}ﬂ.:

ALY -ZAtw
C(‘EH"'Eij]: 1"' _ﬂq_ (d. -2 ) e -
r 2

-AD

R({Hl ﬁ,tu}- aib:‘ & dees
2
whete D=22-21, A= Yilo)/ri(o)

IL? How 4o see bhis? E_a.(vr Coreelahon:

~Adltsé)
((t8)=2-Z rlwe

1
P(t) PR)

- Alk+t) _
i 1shoe A=22-4s

(.h Ao E:zm)"l(h Pr:fl,ﬂjﬂ

-
—




What this tels us:

4, The SyYstem elaxes 40 o conbaprabon ak by oo,
Eixed point of dynamics: Clhuite b)) —nd |

q, Cofelakon & Response onverag exponentally,
Crete iy Whee As %a-dy Speckal 9ap

S The tuseo Gved point is predickeble *from stakics

Dljnurn:s: %;,z_. FR) Wt F@-- AX +2%. i

¢ equaton

fixed points ¥* sabsfy F(s)-0= A= 2"
=5 ep=2\a R are fixed pims Wik 2% A

There are 4: hich gne abets the danaﬁifﬁ ot fwumd’

A s |
Reaad: A s symmetic! rsodent dent’

oy
=> FR)--£ B xr2ns- 2 &) DS
J

Enecgy funckon on M*&WL 4/2. XTAX -%E (ﬁi‘ll-;ﬂ



> Fiked poinks of the danam:s ae Stokomy poinis
0} ths foncion ( movme, miims, Saddles).

B For N=2, two 20€ Mipimd and {wO 2ne maxima:

s (RE) YERR) = P-4
&J——E) 2::3'&5 J P

Hesgan at
Stat. point

p= 1: HUessan has evalues 0, 2nd A=%;-4270
= Xix O/e mitime

p=2: Hessian fus evalaes 0, and - Az Aa-2:< 0
= Y24 Q€ MaXma

B Moceover, 24)--FR) X - 4.3"0%- E(i‘]}
<L
E(Xp2) e ISTATMEOUS

2t -2 Ak

2()- 4 KE)E™ A i hbee
& - L4k

2 A«
i {-}{;{"JE_IH 41+ ke

K220 S VRPN T P



At tuﬂﬂ“; the Szﬂtw

1S Comer 'ln&- ko +he

Grovnd-State : ecqenve ol

assodated. to minmel eiqprvalue
53““‘1‘3’

hup 3.-\:\1::4.

tee
Jndeed: 2(4)= E(i‘(ﬂ)—-! M - Shakes, el
oy Condikons

Ifﬂ 222 \Z Eam(ﬁlal} R Select which
ohe.

A One an say that systert ‘fqoiul:mks“
3t T=0: vtadhes the %mdnd State. Habﬂucﬂ
This is hot "equilibwh-mﬁ“ d.ai'lﬂ..nifﬁ at fnile
tw. The cofelabon is not TTI, no FDT...
[ no noise to compensate dissipaton]

Bl & Chek thet i white moise 1s added o
the danamics,

di:le) = -@i'); + 2N+ ehild) 437 '?‘“J
at



The {uwo Couel sysiem ecimhbm:&ea with, bath,, 2nd:

b

Cltwt k) "L Ceg(2) , Rlbuezyts) <5 Reyf2)
With the FDT  Yelukon: Re(2): -B 8(2) a_%%(_z.}

Shows that the decay of Cef2) 5 (ontelled by both (A7)

Hink : expond on Eiamba.sis again.
Nokce: each mode Obeys Otnsiein-UhCenbeck equeion
3t largp fime: %,_:(_1.. + Zoo) Y + Vs

Linits T20 and +2c0 do not commute.

In sunmra,fnr N finide

Q1. The dqm:m s non-eqoilbiom relaxakon 4o
3 fed, goit. For w1, CONergKe. Comboled

by Spevial gap A.
Q2. With non- rfa?mdkz . need ‘mebo on evedor Duerlaps.

Q3. o=1: the 6xed point is the Guuad Stale
of asiouated ehogy Candscape gr).



How ths {.hqnﬁv:% when 3y are (andom.

and N2 7 Tn priniple, all fluctudtes
2 expect wo sharp answer; need fo desl Wik

clish bukons... bd':

B Whe Now, centain clynamical Quankiies
{,DHUEIJE bo a detuminiske Oomvt . c,m:mnr;an.[

b Cu(td) = Cooltd)
coe lkE)

N 0@ —\——
clistabuked determiniske

@ Rehavour may degend only on ofobal properkes
of diswoubon ¢ 3y : UNneesaLiTy!



goic., L\NEAR FORCES: (ARGE-N

Goals o¢ Part T

1. Lafjc N properkes: 2ueraging ouk (imhat
(ondikons) and, conente hon (d:a:wder}

2. Special properres Qd feadom matices: RMT

3 Recipocal interackons: separabion 4 hmescles,
29ing, uriversshiy, Candscage intecpretakon

4. Non-reGprocd interachons: dgnarics Speed-up

H ah-T) System, ou: N> <o

: N
B - 5 2 3w )+ pE%) + 260 %) £ €840 (1)
l=

3 4 s
fis before, As-oy 3" -2 117, and
2(4)= %_ R(e) & %) (e-m)

Noiseless dynarics (below): STaRiolo, MET2, 202
With noise: CRISANTI, SOMPOLINSKY 4337



ATyl INITIAL CONDITIONS

Gulté)e

” N - Dut - At
2 kbxie)= L2 W)l e ¢y

4
N 4Bl B)nE)

ity 26)- (}Eﬁl}[u}rph}é.'{mgﬂt'(hllu})

and &ﬁl&lf%i
A Ny N —aa(et)
Rultt)- .T}_ﬁ&-*-)%ii]l 2 [1+ L) :5..(&#{{
o oz | T‘:ﬂ-’)
Sulkd) - 4 1’%:' Gl to) € A o
Wbhen N-2, Meroly ¢ wwhal condifons ot any tw.

TN CONDITONS: N>>L AND TyPi(aLTY
Comsider A fixed: fixed quenched. randomness.

Ne. considec danam*.cs fom “random, wikal condifons.

assome Xlo) €xiacked randonﬂa Q:n'.'?orm mamre) on
the Sphee €. With resped ko this clistibukon,




= -i—. J-';‘.'fﬂ}
® T lel S ®
L=

anhhes LKE Yulo) fpfﬂ]-'» <R-ll }UEI‘X‘Ilﬂ}IRp\) deflﬂﬂl-

On o), and fluchuate. Houwever, they are Carge

sums 0f independent, C(uchiaking terss.
)

_ _ /':,T-'lllﬁt‘peﬂ:l!.ld::ﬂt
= Vvl BRI yio) @it qiven vetols,
mmammnm_“iﬂ&m R, xte); 4 8 ghanie

When N>, €luduakions over Ro) are suppoessed.
(Laws Large Nurbes) and

Gt (o) tatoNs b 5 06 vt @50 poon B pips T
m(i ﬂ) p[ }) :ﬂ:f. R.l.lh R.px.. E:‘;%FIRF e x#
N&»l when. 1>>L  random Vedors on sphzm are

S'I'RHsEt.ullz er[u‘mnlen'r to Yandom (raussian vertors:

1;-:0 al'l(l. 1: ‘-.‘s: H:S»J

nmndﬂeﬁm ﬂ.ﬂﬂdlhd'l not relevant when N-4oco: NOMM,
Contenivates ko 1 ba laws 'Eﬂ.(jt. muhars)_

and s Tuls) rp-f-#) m—’}ﬂﬂulﬂﬁ?_



TI"EIEHO['E: L 5 ~Aut-Apd!
— € <lelley Yalo)(; o)
Gon 0, (k) b NP F

NAego N4oo

Fn f}_)- ﬂ (U)

Defioe the ovedaps: Oup = <Lpllc<Rs IR

‘ 41 - Act gt
gl;ﬂ; CH[H:):. lie, "'N—é e e Oe

M= oD az [
(k& e ﬂ-:p) KGe o

ﬂnda Dﬂtiﬁ’it =L i Odp. S:(i:.-'lh) Sl('h.'ﬂp.)

N «p

Then: Cultd)= W ()
() Wht¥! )

|
with  Walkd)= Sdh deze ™ Dulas,)



Qbter vy over tikal condbons. eveythng is
QA fumckon g the eudues & eectars 6} Makx 3.
Can we 0y snml’n‘.na abottk them uhen Naco
=5 RANDOM MATRIX THEORY.

B. RANDOM MATRICES: SOME FACTS

Matix A fro Elliphc Ensemble: Goussian
E [ ﬁtn_] = -}I-/H
E[ﬂam Hgn]" (Ffﬂ)l= %: @Elgnn + d SEI‘I Smt)

Parametecs: G, «, ph

And E[- 1 s QNeBIR oW the ﬂnumﬂa(ﬁ’ﬂ,‘{&))

Eiggrsgrom: Fhacd, (1)L,
Statishcal prperbies of these Objects?



E|GENVALUE DISTRIBUTION

N finte (2o £ 8(e-a0) Y E L

N dei
empiical.  distibubon

When Naoo, dve) T )z 2 5 Se- 43)ds

K L

) descobes the distibuion where taeavalues puomolate
2™ denoles evental isclated €iqenvalues, “outliers’

(3) When Noo, Q) s Self. Gersyi 1
b OB ADE b E[5,)]

M2 S Haw

vandom dekecninishc

M eans: JN-:é.:ih () m—“:j da S?-(ﬂ h(2)

(b) Tor Eliphc watices, ‘Ewiptic Laws

Pl =g (0g) = A Bla- X d‘_}J

Td@-) L @) a-s

Uniforoy 7 % compect
density Support




Nnhu:nadq:en&e.ncﬂ on }Ll‘

=Im(2)
% /% SOMMERS, CRISANT],
s SOMPUNSY & STEN 1388

&_,/’ %=Rea)

GIRK0 1336

Tuo specal wses:

d=0 : Suppolt Is @ difcle > ctrabar Cawr
(rinlore ensemble GINBRE 1365, 61ReD 1334

det o Suport 15 the rab a¥s, and densiy
1S "Lﬂzaur seviGeonbar faus'=y % (a)

o5l

le) S oo AT D23l

The matrx ensemble

s (4) Wwhen «2213 (alled Goe:
Goussian Octhosonal Enseme

2, s 224  WiGNeR 1353




Wiahtr Cur, In distabufon:

(g4a)T
Sdlda E’u[u‘-ﬂ (P(ﬂﬂ &tbt Sda ? {I,‘&) ?f!t'ﬁ)
Iyl< oA~ -I.}U—.__r_ﬁ

-tl.*‘-]d'
when =51 I'il"E Gand #{Rm)m ?{:,‘E)-a ﬂ’g,a)

Mo feover, iim mrﬂ.ml’,
jda fqtll

1-y CET | "
'l:rtih:] %u}" > 2uat VT

(c) I¢ pro, an isolated eigenvelue caa exist when (plse:
[ohen Naeo, it Converys o the iﬁg(nﬂ value

&H C\HH“L q{:ﬂL _ ( + ol d')

LA oo, aght ab edop: 42 - o (24a)]
0’ ROURKE, RENFREW 2014

Tor «=4,, anal ¥s of fﬂudvahurﬁ of A%’ made ba,

BAIK REN mwus PEGHE 2005
Now these mnsibons called “®BP transikions’



B EENECTRS STATSTS

Twa ;b‘mt covcelator at N Gnite:

cbhl(lifh)= -:::{'—;4:1 Odp %(‘h- ?‘d:] E(i‘:- ﬁf)

Coelabon, behwern, Eigpnuecofs 3¢ tuo Mits 252..
l«)hm Noeo, this is also REJ. auemain&,,

B Compex Ginbre ensemble
Foc this ensemble, explict cesult:
ﬁ-.;v_': Dl 1) Dlaage)= @rat')2adh —o(a-o) a [207]

26 (1-at*) \2a-22*
fr a4 o elipse

MEH LLG, CHALER. 2000  CHAUER MEHLIG 1293
BOURGADE, DUBACH 2020




2 Real Ginbre ensemble
The behavior Seems same for eiagnvalues
Juiay from re2l 3¥s. Shown Jor maaynt (¢=p)

WURFEL, CRUMPTON, FYODOROV 2023
WURFEL, CRUMTON, FYODosoV 2024 2075

; ‘ —2at _a.¢
Nﬂl']tﬂ.; SL"N. “H&t]: Scli:. . Dyv)e e
[+ 24
elipse
At Carqe bme
fuge weiskt <houtd? Favor
at i1~ 2z g nvalues
Likh large |ee2 )

ﬁonhb»linn also from bulk evalues phen £t M2,
== Lmie,quenus for d.am.mcs'.



C.BACK TO DINAMICS: RECIPROCAL

Set o214 Then A--3=-3 5 0 GE matix,

-t - )ﬁ‘f i
\lln{ht'] = _i_i e 0“F= izﬁhﬂ-ﬁ)
N «f N a=i

l\gdv"u) E:-"Mht')

L empirical denﬂrg/ g euslues
When, Naes, this is .saEgﬂ al.iemaina ond,
Ei'::, Wﬂﬂ.ﬁs S E’ﬁ(i)di E:—MHE): IL(RU:J-E))

L+t

To(u)- wodified Bessel Jonckon. f fist Kind

Cq{{uﬁa,ﬁu) "'""""r -Ii(i(ﬂ.&w{.]) q 4u G‘u-r&) ]
Sorte Ts (o) Tu(4(4er2)

this desabes Qacye N dynarics  MEAN-FIELD DYNAMCS

at all hmes.

QSaHP.DF{S s twwl ?



e are interesied, in tw»4. (asymptoics). In this Gimit,
§ dynamics 15 ot TTL (dependence on tu not clisappers).

dynamics again. out-¢f- equilibaom.
Regime 1 [RL): & small, Z/tw <1
Rsa'am 2R): & ﬂifﬂt, &ltw »L

Tn TRa): Shot tme dillerences

For & Small, C(tuetu)=L. pt short time ditlerene,

lﬂﬂhaqc&u* btw)e 4 NEW%_.

E'ﬁ?ﬂﬂdinﬂ: C('l:uté,l:uL 1 --1& z',;',{u A

| :
PUATERL ~ TLAPPING
e U et ot
Tam

i —%
__,/ inctasing tw o

i

TnRe): Carge kme-diterences

ale) i
/ -
= r




C,,{tma,tu Nave Ii(l(ﬂm—f.)) G 4u (fu+a) J

2 B Ta (qhw) Ta(4(tws2))
ﬂ%wﬂir&s:

.‘l,{ﬂ-:u-l-h} 4 \( [ 1 (4
&. 4 2R bulturs) [ og Vool U;mh)u
h’miﬁi L+ d E‘m;zhﬂa. e

The exponenkals cancel and:

14
2VZ \[to(bwez) A Guf«twf-)) =
Atu+d 2w s

= lﬁ 1 (".u{_£u-r &))3{4; J.ﬁ Em ’l:“ (_'5-+ '[ﬂh"]lﬂ
(2{1.” E-)Hg a’ln‘l (1* JHL]"’"

L G‘-’-#_)mh 5[:1::5 alﬂr.bmic dem.az

?jm, C({w&.,ﬁ'uﬂ: O

Ty=2 =

This discossed in: COGLIANDOLD, DEAN 2935
let us cowment these ﬁ'mling‘.a.



@ A SLOW DYNAMICS.

(1) At any fiute &, the susem s not at Gxel
Painl:"- Sapumhm 0f hmescales:

For ol kimes ZsViw 1t “seems 't Gxed point.

but as & |hetases ¢ dmaa to 2er0: system
Weeps moling and exploring. neis confquiakons..

@) Nevwr TT1: dey depends on(tul2). Hhis
IS Calld BGiNG: system Slower as 4w grouss.
taXe More & more Kme to detorrelate..

(3) Slow, algebraic decay. Unlie N-2!

B THE (ARGE-N EFFECT

When N:=2, System celaves to Gowd State Lk
speed, (ontyelied b3 A= Xl

ﬂoleag NS> - lecbrm dEr.I!.a.



- (5. 3a) (2wr )

q&rb Eu) 'i“' =Ty
% £ E_—@u ‘h]fu) ( "y - (- Jumm.)

fd

Modes with (A-2)~D(1) becomes irclevant when
EwL: todes with (Ac-12)«L  maller. These are
“edge modes’ when, Naoo

B\ ﬂﬁ)

>
p o A= ﬁ— ﬂnln-

The 403 Az 2e-2e == 0 Spedum 33{3&55"

In fat, JAa~iN i§ o in bulk’
Aan /NP & & in tdjt

=9 No ewonentol decay, but slow ouer fas.



B THE RANDOMNESS: UNIVERSALITY

A tfarje, hmes ,nnﬁgf ﬁjcnualuts 2t e cJ,Je,
m-bm.ﬂm@toer 34 depends on hots
5:(',1) Vanishes at Ax: Anmia.

Ean show khat 'rr- S*w(ﬂ ’:ﬁ“ @_ Avin )V
thew Ckus & bv) .,Gu A

The pouer does not degend on dekdls

E'daluﬁiiaﬁhtﬁon (that dﬂd on P(3)) ¢
@ THE LANDS(APE INTERPRETATION
Mnmlts IS Gradienk Desart on Landscape.

dwte) = - 28 84 VAT -5 (01
T %) sy 1A% - 280).2()
N N Va
€nerqy deesly

fixed points X" solve -AR*+2X-0,



Tf Ta is exqenvector of A W &gunvalue A,
K= 2 W Tu 15 2 ﬁxgi ?oinzwud-h
eney del'sﬂnla Eq- -%—p thee 2re 2N of ?hﬂm.l.

@) fis for N=2, all evectors are Gixed potnts of
chdpnam.‘c:s, and Sl'al-anar& pAnts (H-nr'm; MaXima,

s.ada{t.s)cg B 9 enegy deasiy e- My

(5) Optrizshon dynasics shoubd Comerge bo glcbal
Mirivom of E(), the (roud Studeo Bottamann
Cqmlibro.ﬁm at T:0. G(ovpd shute is minima £
eVecor of A. Role of other evectors 7

@) Al other atjgnuﬁc’mra ale ‘.Sac[dl!& 0; El‘luja.
Eanisu:.pe. The lm:er s Ehf-& Enzrjg,the. lower
1S theic Index = More and wore “dupping’ for
dgpasics. This gves (EOMETRIGAL TNTERPRETRTION
o am, As time Pmr.eeda,, desend m fandscnpe
and Bnd it facder & hacder to escape ..

ROOCKAUD, COCLIANDOLD, KOR(HAN, MEZARD 4357



D DYNAMICS: NON-RECIPROCITY

Aguin; 62 1.
Adk-2ed
W) =12 € 0,

—2at -t

SdIhSﬁ" Dulas,) e

Uhm N3 o, this 13 also self- auﬁnaing'.

- 2at- {1
&ﬁr mlq(ht] :Sﬂlli‘.l. Ali'-:. D(‘E:‘I.,'IL]E =
N2 0

|H"-F'

This dowle infeqral wnbe done oy
(tis a bt of wolk in comple¥ amlnsts.-..)

/— Pradur{-
ﬂ' WC{H*'ZI;EH): Iﬂ (Q,. H éw{{u*ﬂ.}) Emh;:‘wﬂh
o Squue
W(t 8- To(at) Yoot

To(u)= wodbied Bessel Jonckon of Gt Kind



lurjeu tive asymphokics , &/tw»1.

I LS lmja Ww ﬂ.sanphEtS:
1| IH{U)'U E.u

inu
?u
L Vtwlrwre) Léur
Witz tu)= € , Whet).2
ﬂ‘n{m({wi-a.] Vartw

TGt n) —bur-(bh2)  _pp
Cliwrdte) ~ e ~ e

. onenkal deca
ﬂs 14 %-IV%(%#!.) eu-:& WH‘“&’%”'&;'
‘ﬂ(h"/zﬂ) twlze0 i

Alblz) =~ 4 Vo)



Nokee: the 9up comes from, the. eigpaveds’
Contoukpn : Dot ﬂrﬂé exkemd, e;Jcnuahmﬁ
Waber, but also cowelated, pairs of evectors
with same evalue = near- cliagonal Sector.
Danmr.s 'S not (onteled Only by speckal 90p.

2 _gemdc ol

- At &
Cllar k) o [@_1)_ ﬁ_{(ﬂ o i
'& o

With ‘5"(*‘}(:.)‘ @—Tzf(i _ @;_) %)

Yor Mma *t1, danmlﬁ 15 Castel (_wm-aljabm.-:c)

All ths 1s disassed in STHROW, MET2 202



B A TRANSITION / btd s,

So fuc, no dependenie on fo beguse koo N4 o
betore b = 0. When, 0, 2 Hansikon, in the
Speom of A: 3t (p>6, an isoloted evalue appesss.

The above analasxs of Wean-Geld d‘ﬁhﬂﬁ{s
vemaing +(ue (f.oa#ﬁbuﬁan 4 outlier nesighble
(hen N- nD‘).

Oummetic @se (w=1): Bt fimes £~ LlogN, crossover
ien, [p>S: System velaxes to qound Stale A,

exponentaly “fast (sysere 4apped)

f®  Dynamics begond wmean-field
oo _ ) (we4): FYODOROV, PERRET,
6‘ 2

- SCHEHR 2045

REAXATON To AGING, ALGEBRAIC
AXED Point ! Dewy

AU t~vlgN | Same s bor =0 5
ofy nsiead o Ge(p)=Ip S
random Inikal, \
condikons, stoct E
With a snall :

i

Nioh- 2610 ﬁ'anuuni
bo Ta!



— Back to 0ur Queskons

@)ﬂ Out- G}cthhmm dﬁnmts With separabon
thsulﬁ. 09ing, and () algtbraic («=2)
or (&) exponenial [du] decoy.

Q2. Non-reciprocity- does vot singly speed
velavakon: it :il the MH%

flon- equi L biym. baic deca
in }air of €xponenks H‘? g 8

Ehe point et S :-,maufuc
Also entwpy produckion is faster

TYODORQOV, GUDDWSKA NOWAK, TARNOWSK| 25

©R. & role (or Gxed points?
fixel points are Ceft eipnuedors aswouated,
bo feal Gopmwlues.

The nomber ¢ real uammlus ~\N: moch fess
then  d=1.

Is tis Why dgeamics speeds op?

STARIOW, METE 2026



0%, LARGE N: NON-L)NEAR FORCES

(Iﬁals ¢ Pt W
4. Dynamics at Nowe: DMFT selt- consislent process.
2. Recipro ol nferachons : dging, but rugj:tl f.éndsmpa.

3. Non-reciprociny: heos, desciphon §f asgmplobc
l’CaiLI'n'ﬁ!,t d,nmcaﬂ Phase di&zro.ﬂl-.

Cﬁn:ﬁdﬁr now 1he model wth von- &‘nt.er‘,
fandom. fon-reuproal Jorus:

(q2) - r -
S;ﬁ-’]— -E',].‘i\ﬁ"l + H—q\é;iuh@ Eir"".‘p

With =3, MEnnmﬁ:

dxv) . o 2 . |
T N ‘%;,Eu'- X Y +%i)§ + 200% +ehite)

'E[}Jn 3:-.-1: @l) 5-:[ Sjﬁgtﬂ Sjn EK'I] + ol _'i Si.:m Sjw-i E'If.'l{n]
The sphedcal (onsiaint ydin. - inles:



204s -ﬁ[ﬂ: i B " (%Hﬂ

Tn tis case, can not dewompose into mades ..
how 4o sofue Enrdam-t::s?

TV A DYNAMIAL MEAN-FIELD THEORY

le'IEn- H-&m’,{}ﬂt can Shadgz c:?lmw:ﬁ in
Mean- held: DMFT- DYnamical Mern-Ticld 'rheog,_

Recal: Mean-feld
FUllﬁ connecked Ismg.- E=-_§.é—ﬁ:ﬁj- h{i?&:

Wiln Yeedd )

Cuq, Link of as E- £ Ki(%)x: ekect of

E fpedve feld: 6(R)<s :;;N%xf:;’;'gm
X:

Whee N Em’jﬂ'- B R hed m, n-ﬁ-éxj
Thtn,sinﬁlt- Spinv pm!:lz.n. LS
g)‘): e F:I:"llr'al";.j‘—':;t <X 7= t’ﬂ.'l'l RL (?:{L-I-EHJ)

2p




SeE(E-cona:mm%: m= tank (pChsamd)

ﬂ“:laiﬁg same ideas to dynamics, can Show Ehat
fof Naco dynamics desuibed W ferms of one efbeckve

degrer of freedom, x(B) Ehat folous equaton:

i;:_".}s Fxw]l + N¢) +ehk)

(fmm "(undom" inikial condikons)

EFFECTIVE FORCE:
Fe 2 X&)+ pm &) +4d §d:a o Cles) Rées) s)

i
(etacded Selé- interackons e

Encodes the bact that § W dna.njta at t",

this atlects Ofher yj, khat in turn aWedt ¥ at bt
This tesm vanishes Got o= 0 (aveiages out)

Ctd) and RGd) oce cowclakon and capnse
gund{ans whin Naeo:



clg)= G L X'(3) 3t N Ginite,
N4oo N = Sutd‘anﬁ are

R(L )= qu, 1 % Sxie) random. Bs
N Sekw) W=

se\f-auve :
mit)e lm L :»;}(‘H-) rﬂa"a

My~

B EFFECTVE NDISE

Aaounts bof Hluchuskons of the ¥, Tk 1S
%Bl]ﬁi.mn Unth:

=0, <QWW?= 26> ¢ (&)

and <= evpecrabon value on Process.

B SELF-CONSISTENCY
The 5inﬁle-5&e PoEss1S tepresentabve
ok +he whole dananitﬁ_ Thus:
M () #;2' Kig) 225 m(b)= < X7
Culkd) < L ,"5_ Kl ¥ld) —> C(6E) = MY RE)D)

(' J." Xt (xe)7| =
Rutk) N _[;;]Eq] —s R0 %ﬁmﬂ] e ﬂ’irtm



:? Selt- consistent [d%nannmt"_‘[
equakons o m(H), C(t), RUe)-
Inkjrn dittere nkal u(uahons

IV.B. THE RECIPROAL CASE

For -0, DMFT equtions Studied in
COGLANDOLD, KUECHRN 1333

L

Review:  ROOCHAUD, COCLIANDOLD, X0RMAN, MEZALD 4337
Bt Kd.i’fd? asgmplohic solukon. (aaina ansatz)

@ The semdo in pect “similar* ko Goear case:
Sepatabion of hmescales, 0909 C (bt C (64 )

& One dikerence: do mot reach the amund stite
entigy dersity 3t w0, but a hiﬂ'hzf one:
bn < gluwhy-en>es

a0



%) ]_mismpe inteprekakion: not arfg Awo Minina
ond several, Saddles (r-; p=2) y but expmtnhalla,
Mang itima and Soddles... the dynanics
shicie in ol minima. much h‘ra%!f than qrond state

N dynanies EW)
EW e mﬂﬂﬂia-ﬁﬂlzu
Milim.e—s Siable
e ee= Eg3 Eiﬂd. F'lﬂ"lS

SBOH% % landscape studied in defai€, €9, Wikh Kac-Rite.

Lct{'uff. notes &Ju:sina on this: VR, SUPROST PHYSICS LECTURE
NOTES, 102

IV.C. THE NON-RECIPROCAL (ASE

Model wsth p-0: cucuandom, toRckan, (£ doussat peuTt 4253
DERTHIER, BARRAT, KURCHAN 2000
Here . rourNIER, Pacco, Ros, URsANI 2026

=> Focus: the dse «-0

B EQUATIONS. No memory Yerm.:

X8 a(0) x) + fm) + 6 +eh)
at



The DMFT  equakons:
1) dnl) < (26) + ) mi)
@) dn.(a0)+p)

3) & (dw®)) . S
quﬂ,}(dt) -2£+JS_?§}1+S[+-€J

AR.%;E) = 204) RUE) +54-¢)

@) Llt)- q: 20) () p m{ﬂ-’.—?u]] x&')]
ot

2 2(6) cleg) & M) mi) + <q k')

B Shos that i§ g 1S Goussign moise
Wit <QE-0, <))y Ba(Clet))
Then : <l xe)- i&s Et(r:(t.ﬂk%?

fnd that < Dul)v= R S)
2y
Hints: we that PLyei] ~ exp % 1"1]‘“ 3 ) E;‘(ﬁ.r.']qnﬁ
and that  SPLM). PLal)(- Cad 3= (s )mit))
-S—“'LT 7 ( S B (st qu)
Hint: Use inagation bt pucts to show the idenkify.




ﬂ'@n :
(3) (k)= 200l ) 4 ptyme)nie)
ot ¢

+ 26" S ds C’(EHRE,S)

2

Usin that Cltt)=-1 ( Qellef)= o)

t

(4) 24)=-26" Sda lces)) Rexs) - S ()

B THE TTI. REGIME. Inta.ﬁmmﬂ eqoshons nomericaly,

One sees that afteca lime o ~ (), dﬂmmics
l‘ﬂfﬂ'lfﬂ Thd:

| fil f‘.ur..|||_..!'__'||| e chil i _ L |-'|'|1..u|u|.!':||cll b it bs X |!!_!:ll_'u'£||||||..-_L'_1||-1|| fixed point i)
a4 , | 4 e i
| . — 2
145 ] 114: oo
7 ; ,,« =
1 2L Cn . 1 . Ce
il H] b | | 11 Hoon L0l

e a2t

cltlﬁ')&: C(2)= Ck-¢)
R(EE) —~— R(T)=R(t)
2(1) 28 2e |, M) Moo

DMFT <= equabons for (&), R(e), 2o, Meo



Wn.a the TTI ﬂnsr&i
(1) ('Em-l-f&)t'lga U Me=O always 3 foxed, F::ind:!

(3) %R) = 2o R(2) + 5(@) =% R(a}aetz.]e.*'&

ﬂuum&l-a: R():0 B<0
Jomp Condibon  from Sufce : R(0")=1

(2) 2G(2): 2oli(z) ™% + 26" flds G(ks) R, s)
A

chqnfje % Voqiables: u=t-s
ds* S du & (,¢-w)R(¢ - 0)

~ Lst Sdu-. = (Lu 3.)11(-.1.)

-]

E 118

= C2)= 2-C(2)+ ’J-l"'?nu +26 SJuC'fw-)&

By spheial wonshaint: Cos bim c2)-1



2 THE AsYMPToTiC SoluTioN. [0 Chamadecie
Carge himes, We want:

Meo = rmanz kzakon % wn&amﬂons i abador

Coo= €im () = Overlup behween Conboprations
bree Visiled. at + bmes J"

Zoo = (Sgmpiokc \alue ¢ laxjrmujz molkplier

z Qoo

Nokue thet 771 imgles: 2G(z) — 0

Taking Z>== in eqoakion for ¢(z), ve et
2ee Coo + Moo ~20°Coo/2e0=0  (2<0)

We need another equakion! Tn prinaple, £9(4).

Haueuel‘; it trmd% n TTL. egime:
226" | C () RLw) —p 00

-]

Ust-8 R need to Know all Jﬂnﬁms :
not Just asgnpiokics!



The bk of the pofenkal  SOMPOLNCRy CASHEE,

SOMMERS 1%

d_.;:ih 20 x4+ pnte) + 7
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Comments.

1. _THe LIANOV. "It furns out that when p<pels)
Lhe dﬂ namics 1S TT1.1, bt chookic. One can
Compute He Lyaporov exponent exp?,al(a

FOURNER, URBANL , JSTAT 202
FOURNIER URBANL, ariV: 2601 04302

Nou- lineari bes 4um dﬁnmca info & Chaokc one!

2. %Eheric d#4 . dome Pmnc:mno[foa%*

3. Here, examples of  out-of-eq. dynamics
n 'rr.«éh-n uith C{UEmh&i Random  infefackons,
Feedbacks on couplings: LEamlnaq Evolukon,
Contof.
An example on Cearring in the chadkc phase (shady
o8 f,’!ﬁrn:na alfprithms with  DVMFT).

FOURNIER, DRGANI / ASTAT A0S
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